2019 International Multi-Conference on Engineering, Computer and Information Sciences (SIBIRCON)

Universal Encoding of Moore and Mealy Sources
with Non-Equivalent Symbols
Viktor K. Trofimov
Siberian state university of telecommunications and information sciences,
Novosibirsk, Russia
A.P. Ershov institute of informatic sistems,
Russian Academy of Sciences, Siberian Branch
Novosibirsk, Russia
E-mail: trofimov@sibsutis.ru

Tatiana V. Khramova
Siberian state university of telecommunications and information sciences,
Novosibirsk, Russia
E-mail: tvkhramova@gmail.com

Abstract—The redundancy of universal encoding by nonequivalent symbols of Markov sources defined by transition
probability matrices with a fixed number of distinct strings is
found. Hence, as a consequence, we obtain the estimation of
redundancy for Mealy`s Markov sources. If the Mealy source is
given by a graph with 𝒗 edges and 𝒎 vertices, then its
𝐯−𝐦 log𝒏
redundancy is asymptotically equal to 𝟐 ⋅ cn , where с is the
channel capacity.

blocks generated by the source is put in accordance with the
word of non-fixed length.
Only such codes are considered in this paper. In addition,
we will assume that the letters of the output alphabet 𝑌 have
different durations, or in other words, transmission costs

𝑡𝑗 = 𝑡(𝑦𝑗 ), 𝑗 = 1; 𝑘 , i.e. each output alphabet 𝑌 has a
corresponding
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I. INTRODUCTION
Information theory has two branchas. The first of them
studies the compression of information, the second is
dedicated to the fight against interference, and unlike the
first adds information, protecting the message from
distortion. Both of these branches were first outlined in
Shannon's work. [1]

Consider a source  that generates a sequence of letters
of some finite alphabet 𝑋 = {𝑥1 , 𝑥2 ,..., 𝑥𝑘 }.
The type of probability measure specified the sequence
of generated letters determines the type of source. The main
sources are Bernoulli sources, where the probability of a
word is equal to the product of the probabilities of letters, as
weii as Poisson and Markov sources. Several types of
Markov sources are considered in the literature. In one of
them, the probability of the next letter depends on the
previous few letters. Such sources are called memory
sources. In that types of sources, words are generated by a
stochastic automaton. Thus, the appearance of each letter
generated by the source can be uniquely determined either
by the state (Moore's automaton) or by the transition from
one state to another (Mealy's automaton) [2]. As noted in
[2], each of these options can be easily reduced to the other.
The source coding procedure is described as follows:
each block 𝑤 ∈ 𝑋 𝑁 is assigned a code word 𝜙(𝑤) ∈ 𝑌 ∗
of letters of the output alphabet 𝑌, 𝑌 ∗ which is a set of all
possible sequences of letters of the alphabet 𝑌 =
{𝑦1 ,..., 𝑦𝑘 }. An encoding, is called uniform in input, if the

vector

of

letter`s

durations

𝑡=

(𝑡1 , 𝑡2 ,..., 𝑡𝑘 ), 𝑡𝑗 = 𝑡(𝑦𝑗 ), 𝑦 = 1, 𝑚. If the letters of
alphabet 𝑌 have the same durations, the vector of duration`s
(1,..., 1).
is denoted by 𝑡1 = ⏟
𝑘

The most famous example of code with unequal
durations is the Morse code, the relevance of which is not
lost in our time, as it is used in the application of barcodes.
The duration of a code word 𝜙(𝑤) calculated by the
formula

𝑙(𝜙(𝑤), 𝑡) = ∑ 𝑡(𝑦).
𝑦∈𝜙(𝑤)

In particular, if 𝑡 = 𝑡1 , than the value 𝑙(𝜙(𝑤), 𝑡1 )
matches the number of letters in a word 𝜙(𝑤).
The cost of encoding 𝐿(𝑁, 𝜃, 𝜙, 𝑡) it is determined by
the ratio of the average duration of the codeword to the
length of the encoded block. When the length of the encoded
block is equal to 𝑁, and the probability of the block 𝑤 ,
generated by source



is equal to 𝑃𝜃 (𝑤), the value

𝐿(𝑁, 𝜃, 𝜙, 𝑡) is found by the formula
𝐿(𝑁, 𝜃, 𝜙, 𝑡) =

1
∑ 𝑃𝜃 (𝑤)𝑙(𝜙(𝑤), 𝑡).
𝑁

Tncoding efficiency 𝜃 determined by its redundancy:

𝑅(𝑁, 𝜃, 𝜙, 𝑡) = 𝐿(𝑁, 𝜃, 𝜙, 𝑡) −
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where 𝐻(𝜃) is the source entropy; 𝑐(𝑡) is the the
transmission channel capacity which depends only on the
output alphabet 𝑌.
II. UNIVERSAL ENCODING OF MARKOV SOURCES
Let 𝛺𝑠 be an arbitrary set of Markov sources. For the
encoding 𝜙 on multiple sources ⊂ 𝛺𝑠 , rdundancy is the
value

𝑅(𝑁, 𝛺, 𝜙, 𝑡) = sup𝑅(𝑁, 𝜃, 𝜙, 𝑡).
𝜃∈𝛺

Consider

the

set

of

Markov

sources

𝛺(𝑙, 𝑋1 , 𝑋2 ,..., 𝑋𝑙 ) ⊂ 𝛺1 , for which the rows of transition
probability matrices can be divided into 𝑙 classes. The rows
of the transition probability matrix are the same in each of
the classes, and the class with the number 𝑗 contains exactly
𝑡𝑗 nonzero element.
Using the codes proposed in [11-12], as well as methods
for obtaining lower bounds for Markov sources from [5], the
following statement is proved

For a given duration vector 𝑡 the letters of the output
alphabet the redundancy of universal coding 𝑅(𝑁, 𝛺, 𝑡) for
set 𝛺, is defined by equality

Theorem 1. For redundancy 𝑅(𝑁, 𝛺, 𝑡) of the
universal encoding of the 𝑘 -letter 𝑁 -block Moore sources
𝛺(𝑙, 𝑋1 ,..., 𝑋𝑙 )there is an asymptotic equality

𝑅(𝑁, 𝛺, 𝑡) = inf𝑅(𝑁, 𝛺, 𝜙, 𝑡).

∑𝑙𝑖=1 𝑥𝑖 − 𝑙 log𝑛
𝑅(𝑁, 𝛺, 𝑡)~
⋅
2𝑐(𝑡)
𝑛

𝜙

For equivalent symbols, the first results were obtained by
Fitingoff [3], and Bernoulli sources the asymptotic behavior
of 𝑅(𝑁, 𝛺0 , 𝑡) was fully studied by Krichevsky [4].
Asymptotic estimate for 𝑅(𝑁, 𝛺𝑠 , 𝑡1 ) is proved in [5,6]. It
should be noted that the upper bound for the redundancy of
universal coding for the set of Markov sources with memory
is obtained by Shtarkov [7].
The works of Davidson [8] and Shtarkov [9,10] should
also be noted.
Uniform input universal encoding by non-equivalent
symbols of the output alphabet are considered by the authors
in [11,12,13].
All universal optimal codes from [11-13] are constructed
by the quasi-entropy method. The lower estimates are
obtained by estimating the average redundancy [4].
III. MOORE SOURCES
Consider an ergodic, stationary Markov chain given by
the transition probability matrix 𝜃 = ‖𝜃ij ‖, 𝑖, 𝑗 = 1, 𝑘, and
the initial vector of the probability distribution 𝜃0 =
(𝜃10 ,..., 𝜃𝑘0 ).
Consider a Moore automaton with 𝑘 > 0 states, and in a
state 𝑖 automaton generates a letter 𝑥𝑖 ∈ 𝑋 and moves with
probability 𝜃ij , 𝑖, 𝑗 = 1, 𝑘. Probability 𝜃ij defined by the
matrix 𝜃. The work of the automaton starts in the state 𝑖
according to the initial probability distribution 𝜃0 .
The sequence of letters generated by the automaton, is
divided into words (blocks) 𝑢 by size 𝑁, 𝑁 > 0. As usual
𝑃𝜃 (𝑢) is the probability of the word 𝑢 generated by Moore
automaton with transition probability matrix 𝜃 and the
initial vector 𝜃0 .
The vector 𝑃𝑁 = {𝑃𝜃 (𝑢), 𝑢 ∈ 𝑋 𝑛 } is called the Markov
and block Moore source or just Moore's source. We consider
special classes of Moore sources and obtain redundancy
estimates for these classes when encoding with nonequivalent characters.

where 𝑐(𝑡) is channel capacity.
As a corollary of theorem 1, we can deduce the main
results from [5], [11-13].
IV. MEALY SOURCES
Let the letter of the input alphabet 𝑋 generated by
some automaton with 𝑚 > 0 states {𝑆1 ,..., 𝑆𝑚 }. The
probability of generating subsequent letter depends only on
the state in which the automaton is currently located.
After generating the subsequent letter, the
automaton moves to a new state. The probability 𝑃(𝑆𝑙 |𝑆𝑗 )
of transition from state 𝑆𝑗 into a state 𝑆𝑙 , 𝑗, 𝑙 = 1, 𝑚 can be
calculated by summation of letter the probabilities leading
to the transition from 𝑆𝑗 в 𝑆𝑙 , 𝑗, 𝑙 = 1, 𝑚.
It follows that the operation of the source described
above is completely determined by the transition probability
matrix

‖𝑃(𝑖)𝑆𝑗 ‖ 𝑖=1,𝑆
𝑗=1,𝑚

and the initial distribution vector for the states of the
automaton.
Only ergodic sources are considered, which we will
call Markov Mealy sources or simply Mealy sources.
Thus, the work of the Mealy source is uniquely
determined by the matrix 𝜃𝜇 and Mealy automaton 𝐺. We
partition a sequence of letters generated by an automaton 𝐺
into words of length 𝑛. 𝑃𝜇 (𝑢) denotes the probability of a
word generated by the Mealy automaton 𝐺 with transition
probability matrix 𝜇. Then the vector {𝑃𝜇 (𝑢): 𝑢 ∈ 𝑋 𝑛 } is a
Markov 𝑛 −block Mealy source or just the Mealy`s source.
Let 𝐺 be a Mealy automaton, and let 𝑓(𝑆𝑗 ), 𝑗 =

1, 𝑚 denote the number of edges in the graph 𝐺, that start at
the state 𝑆𝑗 .
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Then, 𝑉 = ∑𝑚
𝑗=1 𝑓(𝑆𝑗 ) is the number of all edges
of the graph 𝐺. The set of all Mealy sources determined by
the automaton 𝐺, i. e. set of pairs (𝜇, 𝐺) is denoted by

[4]

[5]

𝑁(𝐺).
In [2] it is shown that for every Mealy automaton
there exists an equivalent Moore automaton, i.e. a Moore
automaton inducing the same mapping. There is only one
constructive technique to construct fa Moore automaton an
equivalent to a given Moore automaton.
Using the remarks above and theorem 1, we prove
Theorem 2. For redundancy 𝑅(𝑊(𝐺), 𝑡) of

[6]

[7]

[8]

universal encoding of a set of Mealy sources 𝑊(𝐺), when

[9]

output characters are not equal 𝑡 the asymptotic equality
holds

[10]

𝑅(𝑊(𝐺), 𝑡)~

𝑉(𝐺) − 𝑙 log𝑛
2𝐶(𝑡) 𝑛

In the proof of this theorem, the codes for nonequivalent output symbols proposed in [11,13] are used.
In case 𝑡 = 𝑡1 , these results are published in [14].
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